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Abstract 

The Cauchy problem for the classical Dirac-Klein-Gordon system in two 
space dimensions is globally well-posed for Schrodinger data and wave 
data in x . In the case of smooth data there exists a global smooth 

(classical) solution. The proof uses function spaces of Bourgain type based 
on Besov spaces - previously applied by CoUiander, Kenig and StafBlani for 
generalized Benjamin-Ono equations and also by Bejenaru, Herr, Holmer 
and Tataru for the 2D Zakharov system - and the null structure of the 
system detected by d'Ancona, Foschi and Selberg, and a refined bilinear 
Strichartz estimate due to Selberg. The global existence proof uses an idea 
of CoUiander, Holmer and Tzirakis for the ID Zakharov system. 
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1 Introduction and main results 



Consider the Cauchy problem for the Dirac - Klein - Gordon equations in two 
space dimensions 

i{dt + a- V)^ + MPiP = (1) 
i-d^ + A),p + m(P = -W^) (2) 

with (large) initial data 

^{o) = ^o,m = ^o,dtm = ^i- (3) 

Here is a two-spinor field, i.e. -0 : R^"*"^ C^, and (pis a. real- valued function, i.e. 

cj) : ^ R , m,M G R and V = {800^,8^^) , a • V = a^d^^ + a'^d^^ . a^,a'^,(3 

are hermitian (2 x 2)-matrices satisfying — (a^)^ — (a^)^ = / , /3 + fia^ — 0, 
a^a^ + a^a^ = 25^^ I . 

(•, •) denotes the - scalar product. A particular representation is given by = 

(? o)-"^ = (r;)-/?=(o-i)- 

We consider Cauchy data in Sobolev spaces: ipo £ H" , (j)o & , 0i e ^ . 
The fundamental conservation law is charge conservation ||V'(t)||L2 = const. 
In the (l-l-l)-dimensional case global well-posedness for smooth data was already 
established by Chadam [CJ and also for much less regular data by Bournaveas 
[B] , Fang [F] , Bournaveas and Gibbeson |BG| , Machihara [M] , Pecher [P] , Selberg 
[ST] , Selberg - Tesfahun |STj and Tesfahun [T] , the last two authors also for data 
■00 ^ ■ In the (2+l)-dimensional and (3-|-l)-dimensional case no global well- 
posedness results for large data were known so far. In (2-|-l)-dimensions local 
well-posedness was proven by Bournaveas |B1| . if s > i and r = s + i, which 
was later improved by d'Ancona, Foschi and Selberg |AFS1| to the case s > — ^ 
and max(i - |, -j -I- §, s) < r < min(| -I- 2s, | -|- ^, 1 -|- s). Their proof relied 
on the null structure of the system. This complete null structure was detected by 
d'Ancona, Foschi and Selberg in their earlier paper |AFSj . where it was applied 
to show an almost optimal local existence result in (3-|-l)-dimensions, namely if 
s = e,r = i+ e for any e > 0. 

We now give the first global well-posedness result for large data in two space 
dimensions. It holds in the case s = , r = i, and more generally in the case s > 0, 
r = s + |, where local well-posedness was known to be true before already (by 
d'Ancona, Foschi and Selberg [AFSl] ). Especially we show the existence of global 
classical solutions for smooth data. It is necessary to refine the local existence result 
by replacing Bourgain spaces and for 6 > i constructed from Sobolev 
spaces by their analogue constructed from Besov spaces with respect to time, 

s — 1 r — 1 

especially X^^' and X^^' (see the definition below). Spaces of this type were 
already successfully used to give a local well-posedness result for the 2D - Zakharov 
system by Bejenaru, Herr, Holmer and Tataru [BHHT] and Colliander, Kenig and 
Staffilani for generalized Benjamin-Ono equations [CKS| . The precise bound for the 
existence time then can be combined with the charge conservation to show global 
well-posedness for our 2D Dirac-Klein-Gordon system. A similar procedure was 
already used by Colliander, Holmer and Tzirakis for the one-dimensional Zakharov 
system jCHTj . It turns out that the choice of the regularity parameters s and r 
in our case just allows to estimate both nonlinearities in a unified way. What 
one also needs are of course the Strichartz estimates for the wave equation, here 
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also the Besov space version to avoid the endpoint Strichartz estimate in 2D. 
The Strichartz estimates however are not sufficient for a particularly delicate case 
where it is essential to use a bilinear refinement which was detected by Selberg [5] 
and can also be found in Foschi-Klainerman [FK] , This version was already used 
by d'Ancona, Foschi and Selberg |AFS1| in their local well-posedness result. 

We use the following function spaces. Let ^denote the Fourier transform with 
respect to space or time and " the Fourier transform with respect to space and 
time simultaneously. Let Lp e C^(R") be a nonnegative function with suppLp C 
{1/2 < lei < 2} and ip{0 > , if ^ < |^| < V2. Setting pk{£.) ¥'(2^'0 

(fc = 1, 2, ...) , ^fe(e) ^J-^^^^^_^^^ {k = 1, 2, ...) and ^o(0 := 1 - T.Zi Vk{0 

we have supp(pk C {2^'^ < \^\ < 2''+^} , suppipo C {|^| < 2} and Y.kLo'^k = 1- 
The Besov spaces are defined for s e R , 1 < p,q < oo as follows: 

i?;^,-{/e5M|/||B=., <oo}, 

where 

\\f\\Bi,, = {T.i^'"'yk*f\\L.y] i/9<oo, 



k>Q 

(cf. e.g. Triebel [E], Section 2.3.1). 

Similarly the homogeneous Besov spaces are defined as the set of those f & S' , 
for which 11/11^.^ is finite, where \\f\\g^^ = iEt=-ooi'^"'\\v'k * with the 

usual modification for = 00 and $[.(£.) '■— ^^J'''''^'' for k £ Z. We also 

need the following Bourgain type spaces. The standard spaces belonging to the 
half waves are defined by the completion of S(R x R^) with respect to 

ll/llx:." = \\u±{-t)f\\H^Hi = ||(e)^(r ± |ci)V>,C)IU^ 

where 

L/±(t) := e^^*l^l and M^.h^ ^ II (0^(r>''5(?, r)^.^ . 

We also define X^^''' as the space of all u E 5'(R x R^), where the following norms 
are finite: 



00 



\fc=0 



ii/iix-- = \\u±{-t).f\\s^_H, - {y^2'^"'mrvk{r±\i\)f{T,o\\i 

for 1 < g < 00 , where 



and 



^.5 



|;:^±M)/IIb? = sup 2''^-||(0^<?fc(r±|e|)/(r, 011^2 

2.00 . j.^^ X,J 
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for g = oo , where 

Mb^ if; =sup2^^-||(0^^fe(T)g(r,e)||L^ . 

2,00 ^ ^,5 

Note that U±{t) = 6^**^^'^+^^^^^ would lead to equivalent norms. 

Spaces of type X'*'^-'? with various phase functions (j){£,) instead of ±|^| have 
been used in the literature before, for example by CoUiander, Kenig, and Staffilani 
in their work on dispersion generalized Benjamin-Ono equations |CKSj . As was 
observed in [CKSi proof of Lemma 5.1], they can be obtained by real interpolation 
from the standard ^''-''-spaces. In fact, by jBLl Theorem 5.6.1] one has for s S R, 

1 < g < 00, 60 7^ &i and 6 = (1 - 9)bo + Obi, < < 1, that 

Using the duality Theorem |BL[ Theorem 3.7.1] we see that for 1 < 5 < cx) 

where X denotes the space of complex conjugates of elements of X with norm 
ll/llx~ 11/11^- III the proof of the crucial bilinear estimates for local well-posedness 
we will repeatedly make use of complex interpolation. To justify this we use the 
corresponding theorem on interpolation of spaces of vector valued sequences [BLl 
Theorem 5.6.3] and take into account the considerations in JBIJ Section 6.4] to see 
that 

whenever < 6* < 1, s = (1 - 6)sa + 6si, & = (1 - 6)hQ + 9hi, and 1 < go, gi < 00 
as well as i = — + — . 

The preceeding remarks on duality and interpolation are completely independent 
of the specific phase function. 

For B C S (R X R'^) we denote by B{T) the space of restrictions of distributions 
in B to the set (0, T) x R^ with induced norm. 

We use the Strichartz estimates for the homogeneous wave equation in R" x 
R, which can be found e.g. in Ginibre-Velo ^GYj, Prop. 2.1. 

Proposition 1.1 Letj{r) = (n-l)(i-i) , 6{r) = ^1(5-7) ,n>2. Let p, ^ e R, 

2 < g,r < C50 satisfy < | < min(7(r),l) , (|,7(r)) ^ (1,1), p + 5(r) - | = 
Then 

||e±**l^luo|lL<!(R,B^-,(R")) < cIIuoIIhm(r-) ■ 

The same holds with B^ 2 replaced by H^'^ under the additional assumption r < 00. 

The following consequence of estimates of Strichartz type is important for our 
considerations. 

Proposition 1.2 Let Y C S (R x R" ) be a set of functions of space and time 
with the property that 

\\hf\\Y <c\\hU^\\f\\Y 

for all h e L^ and f (zY. Assume moreover the (Strichartz type) estimate 

\\U±{t)uo\\Y < cWuqWhi^ , 

where U±{t) — e^**'"^'. Then the following estimate holds: 

\\f\\Y<c\\f\\ 
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Proof: We combine Lemma 2.3 in |GTVj with the proof of the embedding i32'i^(R) 
C ^(R). Let V be a C^(R) - function with ■(/'(r) = 1 for 1/2 < |r| < 2 and 
-0j.(r) := ij){2-^T) , so that V'fe(T) = 1 for 2^-^ < \t\ < 2^+^. Furthermore we 
define ipo G such that iPo{t) = 1 for |r| < 2. The functions (pk are those which 
appear in the definition of the Besov norms (here in the 1-dimensional case). We 
thus have the property that ipkiT) = 1 for r G supp(pk [k — 0, 1, 2, ...). We start 
from 

/ = / e^'^U±{t){TtU±{-)f)[T)dT . 



Then we have with h = e'*"^ (for fixed r) : 

< I \\U±{t)(TtU±{^-)}){T)\\YdT<c I \\TtU±{-)f\\H.dT 



< \\^t{U±{-)mk\\LUH-) = \\^t{U±{-)f)ipkMLUHS) 



oo 



< ||^t(t/±(--)/*t Vk){T)\\Ll(H^)\\'4'k\\Ll 



k=0 
oo 



< c^2'=/2||(7±(-)/*t^fcL2(^.) 



fc=0 



= c|l(7±(-i)/||^v.^. =c||/|| i,,. 

2,1 ^ lb 

where we used HVifcHia — 2''^^\\'>P\\l2 ^ [k — 1, 2, ...) . 
Similarly one can prove a bilinear version: 



Proposition 1.3 Let Y be as in Prop. \1.2\ Assume 

\\U±i{t)uoU±2Ui\\Y < c\\uo\\H^'\\ul\\HX . 

Then 

I!/o/i||y <c||/o|| iJ|/i|| 

Here ±i and ±2 denote independent signs. 
The main result reads as follows: 

Theorem 1.1 The Cauchy problem for the Dirac - Klein - Gordon system 
1^ is globally well-posed for data 

^0 e L'(R^), 00 e i7i/2(R2), 01 e R-^/^R^) . 

More precisely there exists a unique global solution (ip, (p) such that for all T > 

ip e x+^^^T) + x^_:^'\t) , e xI'^'\t) + xr^^^(T) , 
dt4> e xI^-^'\t) + xZ^-^'\t) . 

This solution has the property 

^ e C°(R+, l2(r2)) , e C"(R+, (r2)) ^ ^ C"{R+,H-^R^)) . 
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For more regular data we also get the following result. 
Theorem 1.2 Let s be an arbitrary nonnegative number. If 

the global solution of Theorem has the properties: For every T > 

dt(t) e X'1^^'^'^{T)+XT^'^'^{T) 

and 

e C°(R+,ir^(R2)),0e C°(R+,F^+^(R2)),9t0e C"(R+,Ji"^-^(R2)). 
If s > ^ , this is a classical solution, i.e. 

e Ci(R+ X r2) , (^e C2(R+ X r2). 
2 Proof of the Theorems 

It is possible to simplify the system (HJ , ((21) , ([21) by considering the projections onto 
the one-dimensional eigenspaces of the operator —ia ■ V belonging to the eigen- 
values ±|^|. These projections are given by n±{D), where D = f and n±(^) = 
i(/±l|| -a). Then-ia-V = |i:'|n+(i:>)-|£)|n_(D) and U±{^)P = fiU^iO- Defin- 
ing tp± := Il±{D)ip and splitting the function into the sum (f) — ■^{4>+ + (j>-), 
where (/)± :— (p ± iA~^^^dt4> i ^ •= + 1 i the Dirac - Klein - Gordon system 
can be rewritten as 

i-idt±\D\)i;± = -M/3V^+n±(,^/3(V'++V^_)) (4) 
{idtTA^/^)cl)± = tA-i/^/3(^+ + V- ), + +^->T A"'/' (m + l)(0+ + 

(5) 

The initial conditions are transformed into 

V'±(0) = n±p)Vo , 0±(O) = 00 ± iA-'/'0i (6) 

In the following we consider the system of integral equations belonging to the 
Cauchy problem (01) , © , © : 

+n^{D)ijj^{s))ds + iM j e=F'(*-")l^l/3?/'T(s)ds (7) 
Jo 

n+p)v+(s) + n_(i?)v-(s))ds (8) 

^0 
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We remark that any solution of this system automaticaUy fulfiUs Il±{D)ijj± — tp±, 
because applying I1±{D) to the right hand side of ([7]) gives n± (£')'!/'± (0) = tp±{0) 
and the integral terms also remain unchanged, because Il±{D)^ = Il±{D) and 
n±(-D)/3V'T(s) = /3n:p(D)V'=F(s) = P^Tis)- Thus n±(L>)V'± can be replaced by 
ip± , thus the system of integral equations reduces exactly to the one belonging to 
our Cauchy problem dH) , JS]) , © • 

In order to construct solutions to this system of integral equations we use 
the following facts for the linear problem which are independent of the specific 
phase function. The following Proposition is closely related to the exposition in 
|BHHT| [Section 5] , where slightly different function spaces are considered. For the 
moment let ip denote a smooth time cut-off function and set V'T(i) = "0(7); where 
< T < 1. The solution of the inhomogeneous linear equation 

dtv - i(l){D)v = F u(0) = 

is denoted by U^rF, defined by 

U,RF{t) ^ f U{t~ t')F{t')dt', 
Jo 

where U{t)uQ = e^^'^^'^^uo solves the corresponding homogeneous equation with 
initial datum uq (cf. [GTVi Section 2]). 

Proposition 2.1 Let < T < 1, < b' < < b < ^, s e R, uq e and 

F e L\{I, H") for a time interval / C R. Then 

i) IIVtC/uoII^^.,!,! < c||wo||ff=, 
ii) UtU,rF\\^,,i^, <cT-2+^'\\F\\x^,y,^, 
Hi) IIV^Tullx^.".! < cr5-f'|j-u||^^_i_^. 
Moreover X'^'^'^ C C'^(R, i?*) with a continuous embedding. 

Proof: Without loss of generality we may assume s = 0. Then we consider the 
scaling transformations St and 5'^ defined by 

Srfit, x) = /(|, x), S'^fit, x) = Tf{Tt, x), 

which are formally adjoint to each other with respect to the inner product in L'f^ 
(or merely in , if / does not depend on x). An elementary calculation shows 
that for 6 > 

\\STf\\Bl^Ll<cT^-''\\f\\Bl^Ll, (9) 

which is still true without the additional L^-part of the norm. For b — and 
g = 1 we especially obtain i), when replacing / by ipuo- To see ii), we write 
Kfit) = jlf{t')dt'. Then iPrKfiTt) ^ i^KS'^fit) (cf. |BHHTl p. 20]), hence 
i/jrKf = Srii^KS^f) and thus 



7 



where b' > — ^ . Here we used H2+ c B2 i , the fact that H2 + forms an algebra, 
Lemma 2.1 from |GTV| . and B^[^ dH^'-. DuaUzing (0 we see that the latter is 
bounded by ri+^ ll/lls''' ^2 , which gives ii), when replacing / by [/(— Part 
iii) is a consequence of ([9|) and the multiplication law for 1-Besov-spaces below. 
The additional statement follows from the well-known embedding C C°. 

Lemma 2.1 (One-dimensional Besov-multiplication-law) For < 6 < ^ 

we have 

IIV'wIlRb r2 < c\\^\\b^,,\W\\i „■ 
2,1 X 2,1 Bl^Ll 

Proof: Let P^u = ipk * where Lpj^ are the defining functions of the Besov 
spaces, and Pk = Pk-i + Pk + Pk+i- Then 

UAbI.li - Y.'^''\\PMu)U.^< ^ 2"'||P,((PfeV'HllLL 
;>o k,i>o 

< c{j2 2'^ii(PfeV^HiLL+ E '2''\\{Pk^)iPiu)ho=--J2+J2 

l<k+2 l>k+3 1 2 

with 

^<c^2^-^||P,V^L2||ii|U^^i2 <c||V^||s. J|ii||^i 
1 fe>o ' ^-^ 

since i?, , C L°°. To estimate V„ we choose - = ^ — b, - = b so that 

E 5]iip.v^iu.^2'^i|p,^.iu,i2 

2 A;>o ;>o 

/c>0 />0 

where we used Young's inequality. Since HvfelLg' ^ 29, we obtain the desired 
bound. 

Proposition 2.2 For < 6' < 1/2 and < T < 1 we have 

||/||l2(R2x[0,T]) < CT*" 11/11^0,6' 

and 

ll/llx".-''' ^ II/IIl2(r2x[o,t]) • 
Proof: By the embedding H" C (0 < fe' < 1/2) we get 

llV'T.g||L2[o,T] < IIVtII 1 < cT^'llV-ILi llgll/fb' . 

From this we get: 

UtJWlI, = llt/^OV-T/IlL^, = IIV^Tf/(-)/llLl, 
< cT^'||[/(-)/||^.'i2 =cT^'||/||xo,.', 

The second claim follows by duality. 

Concerning the nonlinearities we shall prove the following estimates in Chap- 
ter 3 below. Here and in the sequel the letter il) is used again to denote the spinor 
field. 
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Proposition 2.3 The following estimates are true: 

||(/5n±ip)V,n±2(i?)^')IL < clivil Jiv'll o,i,i (lo) 

and 

||n±2(z?)(0/3n±i(z?)V')ll <c||</>|| 1,1,, ll^ll 0.1,1. (11) 

Here and in the following ±i,±2,±3 denote independent signs. 

The following local existence result now is a consequence of these estimates. 

Proposition 2.4 Let V'±(0) G ^^(R^) , (/)±(0) e i7^(R2) . T/ien </iere exists 
1 > T > such that the system of integral equations Q) has a unique solution 

This solution has the following properties: 

^C^{[0,T],L\B.^)),d,±eC\%TlHHK^)). 

4>± fulfills 

ll'^+WII 1 + ll'/'-WIL 1 (12) 

< (ll'^+(0)||^i + ll'/'-(0)||^i) +cr^(||^+(0)||i. + ||^-(0)||i.) + coT^ , 
for < t < T , where Cq is a fixed constant. T can he chosen such that 

T^(||V+(0)|U2 + ||V_(0)|U2)<c, (13) 
r*(ll0+(O)||^i+||0-(O)||^i)<c, (14) 

THu+mh + u^mi^) < <\\Mo)\\^i + (i^) 

In addition, if T fulfills only U3\} and Jj^l j we get the same result except estimate 

m- 

Proof: Consider the transformation mapping the left hand side of our integral 
equations ([ll),® into the right hand sides. We construct a fixed point of it by the 
contraction mapping principle in the following set 

Mt := {V± eX±^''(T), 0± eX|'^''(T) : 

iiV'+ii^o.ja + iiv^-ii^o.i.i < cT-^{u+m\L^ + u-mw) 

||</'+||^i.i,, + 110-11^1.1,1 < cT^(||0+(O)||^i + ||0-(O)||^i )} 

Taking an element ('!/'±,'/'±) G -^t, the nonlinear term on the right hand side of 
^ is estimated in the ^ ' (T) - norm by use of Propositions 12.11 and 12.31 (we 
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omit T here and in the foUowing) 



< cT^W y'*eT^(*-^)i^in±p)(i(0+(,s) + </>.(s))/3(n+p)^+(,s) + 
n_p)V'_(s))ds|| 1,, 

< cr^||n±p)(0+ + 0_)/3(n+p)^+ + n_(i?)v^_)|| 

^± 

< cr^(||0+|| 1,1,, + 110-11 1,1 0,1,1 + 0,1,1) 

< criT4(||0+(o)||^i + ||0-(o)||^i )(||v+(o)|U2 + ||^-(o)|U2) 

< cTHu+{o)\\L2 + \\ij-m\L^), 

where in the last Hne we used (fTi|) . 

The hnear terms on the right hand side of ([7]) are estimated as follows: 

||eT^*I^IV^±(0)|| 0,1.1 <cr*l|e^**I^IV^±(0)|| 0.1,1 <cT^II^±(0)||l., 
and by Prop. O and Prop. O 

II reT^(*-)l^l/?^^(s)ds|| 0.1,1 <cr* II re^'('-^)l^l/5V'T(s)'^s|Lo,ii 



'0 ^± "'0 

<cT*||-0zp|| 0.-1,00 < cT^lltATlU^ClO.Tl.L^) 

< cTll^^ll 0,1,1 < cTi{U+{Q)\\L2 + ||V^-(0)|U2) . 
Next we consider the right hand side of ([8]). 

Jo 

n+(i?)V^+Gs) + n_p)V'_(s))ds||^i,i,, 

< II I' A- 1 (/3(n+ (s) + n_ is)), 
n+(i?)V^+Gs) + n_(i?)v_(s))ds||^i,i,, 

<cr^||(/3(n+(i?)V'+ + n_p)7A_),n+p)v^+ + n_(z?)^_)||^_i,_i. 

<cr4(||V'+|| 0.1,1 + 11^-11 0,1,1)' 

<cr^T^(||^+(o)|U. + ||7^_(o)||i2)2 
<cr^(||0+(o)||^i +||0-(o)||^i), 

where we used (ITUl) and also (fT51) in the last line. 
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The linear terms on the right hand side of ^ are handled as follows: 
||e^'*^'0±(O)|| 1,1,, <cr^||eT^*-^'0±(O)|i i.i,, <cT^||<^±(0)||^ 



and 



t 

e ' 



< cTi\\ reT^(*-^)^*A-i(0+(s) + 0_(s))ds|L 1,1 , 



< cra(||0+(O)||^i +||,^_(0)||^i). 

Here we used the following estimate 

II reT.(*-.M^^-i(^^(,)_^.^_(,))^,|| ^ 



< cT(||0+(O)||^i +||0_(O)||^i). (16) 

Altogether we have shown that the set Mt is mapped into itself. Concerning the 
contraction property we get similarly for the difference of the right hand sides of 

~ ~ oil 

([7]) applied to functions (V'i, 0±) € Mt and {ip±, ip±) G Mt in the X^^ '-'' - norm 
an estimate by 

cT^(||0+-^+|| 1,1,, + 1,1,0(11^+11 0,1,, + |lV'-|Lo 1,1 

.1 x_ 

+ 0,1,1 + U^W 0,1, i) + (||^+ - V^+ll 0,1.1 + IIV-- - ^-11 o,i,i) • 

_|_ + 

< cTi[(||<^+-^+|| 1,1,, + 1,1.,). 

+(IIV'+ - ^+l!^o,i,i + IIV^- - ^-ll^o,i,i) • 

•(ll0+(O)||^i + ||0+(O)||^i + ||0-(O)||^i + ||0-(O)||^i )] 

< ^(110+ -0+||^|.i,i + ||</'-- 0-11^1,1,1 

- ^A+||^o,^,i + IIV^- - '0-ll^o,^,i) , 

using and (HH) in the last line. The linear integral term in ([7]) is treated easily, 
and the right hand side of ^ can also be estimated similarly. Thus the contraction 
property is proved leading to a unique (local) solution. 
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We now show that our local solution belongs to Cf{Ll). From our integral 
equation we get 

H±\\c°Ll < C|1V'±II 0,1 1 

<c(||V'±(o)IU^ + || re^^(*-^)i^in±(i?)(0/3(n+(D)v.+ + n_(i?)V._))(5)ds|| 

Jo 

+ \M\\\ /*eT^(*-^)l^l/3V'T(s)rfs|l o,A,i) 



< c(||^±(o)|U2 +T*||n±(i?)(0/3(n+(i?)V^+ + n_(i?)^_))||^„,_i,^ 

+ |M|Tt(||^+||^o.i,, + ||^_||^„,i,0) 

< c(||V±(0)|U2 +T^(||0+|| + ||<^_|l 1,1, )(||V'+|lo,iallV'-ll 0,1,0 
+ |M|Tt(||^+||^„,i, + ||^_||^„,i,)) 

Here we used the estimate 

s^^(*-^)l^l/3V^TGs)ds|L 1, < cT* (IIV.- II 0,1,.. + 11^+11 o,i,.o) 







x^ 

< cT*(||V-L2^ + V+IIl^,) < cr«(||V^+||^o,i,i + ll^-ll^o,i,i) 

by Prop. O and Prop-HHl We have shown that ip± e C^{Ll). 

Next we estimate |j(/'±(i)|| i for < t < T by our integral equation 



Hi 

< II0±(O)IL 1 +c|| f e^^^'-^^^^ A-i{m+iD)^+{s) +'n-{D)^P-{s)), 

Hcc Jo 

n+(i?)V+(s) + n_p)V'-(s)))ds|| 1,1, 

^± 

ft 1 

+c|m + l||| / eT*(*-")^'A-^(s)ds|| 1,1,1 
Jq ^± ^ 

< u±m\i +cT^\{m+{m+{s)+Ti^{D)^As)),n+{D)^+{s) 

Hi 

+n_(D)V'_(.)))|| 1 1 ,^ + c|m + 1||1 /* eT^(*-^)^* A-^(s)d.|| 1,1,, 



< II0±(O)IL 1 +cre(||^+||\,,i, + ||^_||2 ,,j 



+c|m+l||| / eT*(*-^)^'A-^(s)ds|| i,i,, 



< II0±(O)IL 1 +cr5(||^+(o)||i. + ||^_(o)||io 

Hi 

+c|m + l|r(||0+(O)||^i +||0_(O)||^i). (17) 

Here we used (fTH|) . By our choice ([Ti|) of T we arrive at (fT^ . This proves that 
0± e C°([0, T], _ff 2 ). For our global result it is important to notice that no implicit 
constant appears in front of the first term on the right hand side. 



12 



The additional claim of the proposition is easily proven by the contraction 
mapping principle in a similar way so that the proof of Prop. 12.41 is complete. 

The proof of Theorem 11.11 can now be given along the lines of the paper of 
CoUiander-Holmer-Tzirakis [CHTj for the ID Zakharov system. 



Proof of Theorem ll.il We start by using the addition in Prop. [2T4l leading to a local 
solution with the required regularity properties. Because ||?/;(i)||/,2 is conserved we 
get by iteration a global solution if also i remains bounded. Otherwise we 

H 2 



use our Prop. 12^ and remark first that 



L2 



is still conserved. This conservation law can be apphed because i/'i G C"([0, T] , L^). 
Without loss of generality we can now suppose that at some time t we have 

ii</'+wii^i + ii</>-wii^i » u+mi^ + ■ 

Take this time t as initial time t = so that 

ii0+(o)ii^i + u-m^k » u+mh + u-m\h ■ m 

Then (fTS]) is automatically satisfied. We define 



(ii'/'+(o)ii^i + ii</'-(o)ii^^; 



so that ([T3)l and are fulfilled. From our estimate (fT^ we conclude that it is 
possible to use the local existence result I times with time intervals of length T, 
before the quantity ||'?5'+(t)|L i + ||(/)-(t)|L i doubles. Here we have 

ll'/'+(0)||^i +110^(0)11^1 



ri(||V'+(o)||i. + ||^_(o)||i. 

After these / iterations we arrive at the time 

H0+(O)II,^ + II0-(O)II,^ 



„V+(0)lli2 + IIV'-(o)l!i2 + 1 l!^+(o)|li2 + U-mi. + 1 • 

This quantity is independent of ||(/)_|_(0)|| i + ||(/)_(0)|| i . Using conservation of 

+ 1 1 "0- (01 1 1,2 it is thus possible to repeat the whole procedere with time 
steps of equal length. This proves the global existence result. 

Proof of Theorem ll.2l By the Leibniz rule for fractional derivatives from (fTU|) . (fTTj) 
one easily gets the following estimates for the nonlinearities for arbitrary s > : 

ll(/3n±i(i^)^,n±2(W> 



< 



C(IIV^I1 n^JI^'ll .,i,l+IIV^Il .^Jl^'ll 0,1,0 



^±1 ^±2 



and 



\U±2{D){4>pIl±i{D)ij)\\ 



< C{\\<j)\\ oii + ll0ll liillV-ll sll] 

^±3 ^±1 -^±3 ^±1 
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These estimates allow to construct a local solution with the required properties 
by the contraction mapping principle with an existence time 



^ ^ iiv^+(o)iii. + ii^-(o)iu. + u+m^i + u-m^i 

similarly as in the proof of Prop. 12.41 By uniqueness the global solution of Theorem 
11.11 coincides locally with this solution. Thus the claim of Theorem 11.21 follows . 



3 The estimates for the nonUnearities 

In this section we give the proof of Prop. [^751 We first show that the estimates PH)) 
and pT|) are completely equivalent to each other. By duality pT|) is equivalent to 
the estimate 

(n±2p)(^/?n±ip)V'), < c||<^|| 1,1, \m 0,1, WW 0,1,, . (19) 

"^±3 ^±1 ^±2 

The left hand side equals 

' (j){(3n±i{D)'iP,n±2ij')dxdt . (20) 

Thus dUD is equivalent to (flOl) . 

The complete null structure of the system detected by d'Ancona, Foschi and 
Selberg has the following consequences (cf. |AFS| V Denoting 

<^±i,±2{v, ■■= n±2(C)/3n±i(?7) = /3n^2(C)n±i(77) , 

we remark that by orthogonality this quantity vanishes if ±iry and ±2C line up in 
the same direction whereas in general (cf. [AFS1| . Lemma 1): 

Lemma 3.1 

<T±1.±2(77,C) = 0(Z(±177,±2C)), 

where Z(?7, C) denotes the angle between the vectors rj and 
Consequently we get 

< I |(/3n±i(77)^(A,77),n±2(?7-e)^'(A-T,77-e))MAdr, 



l(n±2(?7 - 0/3n±i(r/)^(A, ri), ^'(A - r, ry - 0)\d\dr, (21) 
< c [ e±i.±2 |^(A, 77)1 \i:'{X ~T,r^^ OldXdr, , 



where e±i^±2 = Z(±i77, ±2(77-^)). 

We also need the following elementary estimates which can be found in |AFS| , 
section 5.1. 
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Lemma 3.2 Denoting 

A±i =T±i 1^1,5 = A+ hi, C± =A-r±|7y-C|, e± = Z(77, ±(?7 - 0) 

and 

p+^\C\-M-\v-i\\,p-^\v\ + \v-^\-\^\ 

the following estimates hold: 



^ \v\\v-S,\'^ min(|77|,|?7-,^|) 
as well as 

P± < 2min(|?7|, \i] - ^|) 

and 

P± < |A±i| + |i?| + |C±|. 
Proof: We only prove the last estimate. We have 

p+ < |e|±h|Th-e| = |C|Tr±A±|77|±TTAT|7?-ei 

< lieiTr| + |A+H| + |r-A-h-^|| 

< \A^\ + \B\ + \C+\ 

and 

P- = (A + hl) + (r-A+|ry-e|)-(r+|e|) 

< |A+|r;|| + |A-r-h-e|| + |r+|^|| 
= \B\ + \C.\ + \A+\ 

as well as for r > 0: 

< A + |r,|+r-A+|,/-e| < \B\ + \C^\ 

and for t < 0: 

P- < |A+|?]|| + |r-A+|r;-^|| + |T| + |^| < |S| + |C_ | + |A_ | . 

Proof of Prop. 12. 3t In order to prove ([TO]) first for the signs ±i = + and 
±2 = ± and taking into account ([20]) and (|21|) we have to show (recalling 8± := 
Z(r,,±(r7-e))): 



©±V'(A, ?7)V^'(A -T,T]- OdXd'n(j){T, ^)dTd£, 



< cll^ll iJlV^'ll i.JI^II 1,1,,. (22) 

We may assume here without loss of generality that the Fourier transforms are 
nonnegative. Defining 

F{X,rj) := {X+\rj\)^{X,rj) 
G±(A,7y) := (A±|,7|)^'(A,77) 
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we thus have to show 
J± ■■= 



(C±)* 



< c||i^||_^o,o,i||G'±||^o.o,i||iJ±i||^o,o.i . 

Let us first consider the low-frequency case, where mm(|77|, l^y — ^|) < 1. Assuming 
without loss of generality (by symmetry) |?7| < 1 we estimate 

I± < \\M\Lf{LS^)W\\Li{Ll)M\L^,Ll 

< ll^ll 0,1 + ||<^||l?L2 

^+ ^± 

< ll^ll o^+llV''!! o,4+ll'^l!xo.o, 

^+ ^± 

which implies the desired estimate. From now on we assume \ri\, \ri — $| > 1. 
Estimate for J+: We use 



< c- 



— 1 1 ^ 1 1 



r((A±)^ + (i3)^ + (C+)3) 



and also 
We thus get 
where 



P+ < 2min(|77|,|r?-C|). 

J+ < c{I+ + 1+ + 1+) , 



(ry)A(S)i {v-0^^{C+)^ 



It 



{v-OHc+)i (A)i 

F(A,77) G+(A-r,r;-e)i?±i(T,0 



dXdrjdrdS, . 



{v)HB)t (r?-0* {Ay 

We only consider and I2 , because is similar to I2 ■ 
Estimate for : Holder's inequality and Parseval's identity give 



(^>*(S)* 



(r?-e)A(C+)* 



Li, 



Concerning the last two factors we use Strichartz' inequality for the wave equation 
which gives for U{t) = e**'-''': 



This implies by Prop. 11.21 

ll/l 



5 s < c\\U(-t)f\\ 1 = c||/|| 1 1 



16 



Moreover we have 



\\ui-t)f\\ 



<4U{-t)f\\so 



4f\\ 



X" 



Complex interpolation gives by [BLj . Thm. 6.4.5: 



This is equivalent to 



Thus we get 



It < c||i?±l||jfOo,i||F||^o,o.i||G'+||_yO,o,i , 



where we used the embedding X^''^'^ C i^j. 
Estimate for I^- Using Parseval's identity and Holder's inequality we get 



G'+(A-T,?7-0 
(r,-e>^(C+)^ 



\A)h' 



The first factor is estimated using Sobolev's embedding theorem by ||-F||i2 . 
Concerning the last factor we estimate by Sobolev and Minkowski's inequality as 
follows: 

WfWLULl) = \\U{Tt)f\\Lt^Ll)<\\U{Tt)f\\LliLt) (23) 



<c\\U{Tt)f\\ 



LIH: 



\\U{Tt)f\\ 



H? Ll 



11/11 ol 



Thus the last factor can be estimated by c||i/±i||2;,2^ < c||i?±i|| j^o,o.i 
Concerning the second factor we start with Strichartz' estimate 

llC^Wwoll .^^-3 < c\\uo\\li , 



which implies by Prop. 11.2 



c||/ll^o.^,i- 



Moreover we have 

= ll/!U".o = ||f/(-t)/|L?LJ < c||i7H)/|bo^L2 = ll/llc.,0,1 . 

We now use the complex interpolation method. By |BL| . Thm. 6.4.5 we have 

(S^oi, ^2,2)[f] = and also - , 

so that we get with B^^ C H-^2 fi ([BE], Thm. 6.4.4) 



11/11 



<cll/ll 
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which imphes 



(24) 



Thus the second factor is estimated by ||G+||j^o.o,i . 

Estimate for J_: If I77I << [77 — ^| we have |^| ~ |?7 — thus by Lemma 



p- 



so that 



min(|77|,|77-^|) \v\\v - ^\ ' 



-((A±)3+(i?). + (C_)^) 



Because also p_ < 2min(|?7|, |r/ — ^|) the same estimates as for J+ can be given. 
If I77I >> |?7 — ^1, we have |^| > ||?7| — |?7 — Cll \v\ and the same estimate for 0_ 
holds. This is also true if |^| ^ \r]\ ~ |f? — 

It remains to consider J_ in the case |^| << I77I ~ 1*7 — "^1, which we assume 
from now on. We then have 



and thus 

J_ < c 



-dXdijdrdS, 



Using the estimates p_ < 2min(|?7|, |ry — ^|) and p_ < |^±i| + \B\ + |C_| (cf. 
Lemma l3^ we get 

J- < c{I^ + + I3) ^ 



where 



dXdrjdrd^ 



FiX,fj) G_(A-r,77-0 H±i{t,0 



YdXdrjdrd^ 



—dXdrjdrd^ . 



The terms and /g are similar, so that we concentrate on and I2 
Estimate for I^: We have 



Ii < \\H±l\\L^i 



F{X,r,) G_(A-r,77-0 ^^^ 



= \\H. 



(0- 



F{X,v) G'(r-A,e-r7) 



-dXdrj 
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where G'{X,r]) := G_(— A, — ry). This shows that we in fact are in the (+,+)-case. 
We also remark that we assumed |^| << \ri\ ^ |^ — '7|- Using Prop. l4?2l we arrive at 



h < c||ff±l||L2 ||i^||_yO,o,i||G"||^o.o,i < c||i/±i||^o,o.i||F||^o,o,i||G_||^o,o,: 

xt ^ + ±1 + — 

Estimate for /j": Parseval's identity and Holder's inequality imply 



F 



The first factor is controlled using Sobolev's embedding ijA C L^f by Hi^IlL^^, 
the last factor is handled as before using the estimate ((24|) . and the second one 
similarly as before as follows. First, Sobolev's embedding in x gives 

\\^'\ ^= r)ll # <c\\T^\-^^)\\lHl^)- 

Now we use ([25]) so that the second factor is estimated by ||G_||^2^ < c||G_ || . 
This completes the proof of estimate (|^^ . 

The remaining cases ±1 = — and ±2 = ± in (fT9|) and ([20|) can be treated in 
the same way. Using nzp(ry) = n±(— 77) we in fact get by (pij) 



(t>{f3n^ (£>) V', n± {Dyy)dxdt 

^(/3n_ (77)7A(A, 77), n± (77 - e)^'(A -T,r,- C))dXdr,d^dT 
^(n±(77 - 0/3n+(-77)V:;(A, 77), 7A'(A ~T,r,- C))d\dr,d^dT 
e^|7A(A, 77)1 |7^'(A - r, 77 - 0\dXdrj\4>{T, ^Mrdf 



< c 



because by Lemma lOI 

n±(r7-e)/3n+(-77) - a+,±(-77,7;-C) 

= o(z(-7y, ±(7; - 0) = o(z(77, T(?? - 0) = o(e^) , 

which can be handled like I± above, namely as follows. Our aim is to show 

This can be handled in the same way as before, provided the following Lemma 
holds. 

Lemma 3.3 Denoting 

^±1 = r ±1 Id , = A - I77I , G± = A - r ± It; - ^1 
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we have 

P± < |^±i| + |i3-| + |C^| 

where 

p+ = n-M-\v-^\\,p- = H + \v~^\-\i\- 

Proof: 

p+ < |e|±|ry|T|ry-ei = iei±rTA±|r7|Tr±AT|r?-?| 

< liei ± r| + |A - HI + |A - r - Iry - ell = |A±| + + 

and 

P- = \ri\ + \ri-C\-m 

= -A+|7?|+A-r + |,7-e|+r-|e| < |S_| + |C+| + |A_| 

as well as for r < 0: 

p_ - |^| + |^_e|-|el = b?|-A + A-r+|r;-e|+T-|C| 

< ||,,|-A| + |A-T+|7?-e|| 

< is-l + ic+i 

and for r > 

P- = l^l + l^-e|-|ei = h|-A + A-T+h-e|+r-|e| 

< IH-AI + IA-r+h-eil+r+iei < |B_| + |C+| + |A+| . 

This completes the proof of the Lemma and Prop. 12.31 

4 A bilinear Strichartz' type estimate 

The following bilinear refinement is crucial for the estimate of the term . It 

follows from the following proposition, which can be found in [AFSj . 

Defining 



[if,g)HH^L]{0 / X{\i\«\n\+\i-v\}fi^)9i^-^)dv. 

where XA is the characteristic function of the set A. 

Proposition 4.1 ( \AFSll Theorem 6) 
Let 

and 

Then we have 

\\\D\-^^{u±,v±)hh^l\\lI, ^ c||/||^.J|ff||^.. , 
where si+S2 + S3 = 5 ;Si,S2<| ,si+S2>0. 
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Using Prop. fOl we get 

Corollary 4.1 Under the assumptions of Prop. \4-l\ the following estimate holds 

\\\D\-^H^,v)hH^l\\lI,<c\\u\\ rjv\\ 

where it is essential that the two signs on the right hand side are equal. 

The following consequence is exactly what we need in order to control Ii in a 
suitable way. 

Proposition 4.2 

\\{D)-i{u,v)HH^L\\Ll, < C\\u\\ 11 ,\\v\\ 11 , . 

Proof: The previous corollary is applied with si = .S2 = S3 = ^ leading to 

\\{D)-^u,v)hh^l\\l\<cMii^.i\\v\\^^i,. (25) 

It is interpolated with the following estimate which follows from Sobolev and the 
estimate < c||/|| 0.1 , which is proven hke 

\\{D)-i{u,v)HH^L\\Ll^ < c\\uv\\ I < c||u|| la ||u|| (26) 

< cIImII 1 llull i < cllull lillwll 11 < cllull 1 1 1 Hull ill 

Complex bilinear interpolation between and (|26p gives the result, using 

ill ill ill 
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